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We obtain expressions for the optimal rates of one-shot entanglement manipulation under oper- 
ations which generate a negligible amount of entanglement. As the optimal rates for entanglement 
distillation and dilution in this paradigm, we obtain the max- and min-relative entropies of entangle- 
ment, the two logarithmic robustnesses of entanglement, and smoothed versions thereof. This gives 
a new operational meaning to these entanglement measures. Moreover, by considering the limit 
of many identical copies of the shared entangled state, we recover the recently found reversibility 
of entanglement manipulation under the class of operations which asymptotically do not generate 
entanglement. 
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I. INTRODUCTION 

In the distant laboratory paradigm of quantum infor- 
mation theory, a system shared by two or more parties 
might have correlations that cannot be described by clas- 
sical shared randomness; we say a state is entangled if 
it contains such intrinsically quantum correlations and 
hence cannot be created by local operations and classi- 
cal communication (LOCC). Quantum teleportation [l| 
shows that entanglement can actually be seen as a re- 
source under the constraint that only LOCC operations 
are accessible. Indeed, one can use entanglement and 
LOCC to implement any operation allowed by quantum 
theory [1]. The development of entanglement theory is 
thus centered in understanding, in a quantitative manner, 
the interconversion of one entangled state into another by 
LOCC, and their use for various information-theoretical 
tasks JP, II] . 

In 14\ , Bennett et al proved that entanglement manip- 
ulations of bipartite pure states, in the asymptotic limit 
of an arbitrarily large number of copies of the state, are 
reversible. Given two bipartite pure states IV'As) and 
\4>ab), the former can be converted into the latter by 
LOCC if, and only if, E{\iPab)) > E{\(j)AB)), where E is 
the von Neumann entropy of either of the two reduced 
density matrices of the state. For mixed bipartite states, 
it turns out that the situation is rather more complex. 
For instance there are examples of mixed bipartite states, 
known as bound entangled states [5] , which require a non- 
zero rate of pure state entanglement for their creation by 
LOCC in the limit of many copies, but from which no 
pure state entanglement can be extracted d, H, 0] ■ 

This inherent irreversibility in the asymptotic manip- 
ulation of entanglement led to the exploration of differ- 
ent scenarios for the study of entanglement, departing 
from the original one based on LOCC operations (see 
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e.g. [i, i, 113, [H m, [ll)- The main motivation in 
these studies was to develop a simplified theory of entan- 
glement manipulation, with the hope that it would also 
lead to new insights into the physically motivated setting 
of LOCC manipulations. 

Recently one possible such scenario has been identified. 
In Refs. [fl [Tsl . [l6j the manipulation of entanglement 
under any operation which generates a negligible amount 
of entanglement, in the limit of many copies, was put 
forward. Remarkably, it was found that one recovers for 
multipartite mixed states the reversibility encountered 
for bipartite pure states under LOCC. In such a setting, 
only one measure is mea ning ful: the regularized relative 
entropy of entanglement jlTl [T§|: it completely specifies 
when a multipartite state can be converted into another 
by the accessible operations. This framework has also 
found interesting applications to the LOCC paradigm, 
such as a proof that the LOCC entanglement cost is 
strictly positive for every multipartite entangled state 
[H, [H] (see [2^ for a different proof), and new insights 
into separability criteria [2l| . 

In this paper we analyze entanglement conversion of 
general multipartite states under non-entangling and ap- 
proximately non-entangling operations in the single copy 
regime (see e.g. j22l], |23|, (111, [ll], [Is,] for other studies 
of the single copy regime in classical and quantum infor- 
mation theory) . We will identify the single copy cost and 
distillation functions under non-entangling ma ps w ith the 
two logarithmic robustnesses of entanglement [27I . [28l . [29j 
(one of them also referred to as the max-relative entropy 
of entanglement [s^l), and the min-relative entropy of 
entanglement [3Q|, respectively. On one hand, our find- 
ings give operational interpretation to these entangle- 
ment measures. On the other hand, they give further 
insight into the reversibility attained in the asymptotic 
regime. In fact, we will be able to recover the reversibility 
in the asymptotic limit by taking the appropriate limit 
in our finite copy formulae and using a certain extension 
of quantum Stein's lemma proved in Re f. Il9| (which is 
also the main technical tool used in p^. Il5l lla|). 

The paper is organized as follows. In Section [ll] we 
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introduce the necessary notation and definitions. Section 
mil contains our main results, stated as Theorems [TJUl 
These theorems are proved in Sections [IVI V| IVTl and I VIH 
respectively. 



II. NOTATION AND DEFINITIONS 

Let B{Ti.) denote the algebra of linear operators acting 
on a finite-dimensional Hilbert space H, and let B^{TC) C 
B{T-l) denote the set of positive operators acting in Ti. 
Let I?(7i) C B^{TL) denote the set of states (positive 
operators of unit trace) . 

Given a multipartite Hilbert space Ti = Hi (g) ... (g) 
Tim, we say a state a S ^{Hi (S> ... (8) Hm) is separable 
if there are local states £ ViJ-tk) and a probabihty 



distribution {pj} such that 



(1) 



We denote the set of separable states by S. 

For given orthonormal bases and {|«^)}iLi 

in isomorphic Hilbert spaces T-La and Tis of dimension 
d, a maximally entangled state (MES) of rank M < d is 
given by 
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We define the fidelity of two quantum states p, a as 



(2) 



Finally, we denote the support of an operator X by 
supp(X). Throughout this paper we restrict our con- 
siderations to finite-dimensional Hilbert spaces, and we 
take the logarithm to base 2. 

In 33] two generalized relative entropy quantities, re- 
ferred to as the min- and max- relative entropies, were 
introduced. These are defined as follows. 

Definition 1 Let p E P(7Y) and a E B^CH) be such that 
supp(/3) C supp((t). Their max- relative entropy is given 
by 

-Dmax(/o||cr) := logmin{A : p < Act}, (3) 
while their min-relative entropy is given by 

i^min(plk) :--logTr(Hpa) , (4) 
where Hp denotes the projector onto supp(/9). 

-Dminlpllc) is the relative Renyi en- 



As noted in [25|, [32 
tropy of order 0. 

In (30j two entanglement measures were defined in 
terms of the above quantities. 



Definition 2 The max-relative entropy of entanglement 
of p E T>{H) is given by 

-EinaxC/O) minDmaxlpllo"), (5) 

and its min-relative entropy of entanglement by 

^^min(/o) minL»min(/o||cr), (6) 

It turns out [30*1 that -Emaxl/o) is not really a new quan- 
tity, but is actually equal to the logarithmic version of the 
global robustness of entanglement, given by [27| 



LRaip) :=log(l+i?G(p)), 



(7) 



where Rg{p) is the global robustness of entanglement 
[2i,[2i defined as 



Rg(p) minfs > Q:3u eV s.t. pH E S 

(8) 

Another quantity of relevance in this paper is the ro- 
bustness of entanglement [28], denoted by R{p). Its defi- 
nition is analogous to that of Rq (p) except that the states 

in cq.® are restricted to separable states. Its logarith- 
mic version is defined as follows. 

Definition 3 The logarithmic robustness of entangle- 
ment of p E T>(Ti.) is given by 



LR{p) := log(l + R{p)). 



(9) 



We also define smoothed versions of the quantities we 
consider as follows (see also [Tol, IS^V 

Definition 4 For any e > 0, the smooth max-relative 
entropy of entanglement of p E 'DiTL) is given by 



£^max(p) — min £;max(p), 

peB'(p) 



(10) 



where B^{p) := {p E V{n) : F{p,p) > 1 - e}. 

The smooth logarithmic robustness of entanglement of 
p E ViTi.) in turn is given by 



LR^ip) min LR{p). 

peB'(p) 



(11) 



Finally, the smooth min-relative entropy of entangle- 
ment of p E 'DiTL) is defined as 

ELinip)-^ max min(-logTr(^a)). (12) 

Ti(Ap)>l-e 

We note that the definition of Ef^-^^^{p) which we use 
in this paper is different from the one introduced in 
[30| . where the smoothing was performed over an e-ball 
around the state p, in analogy with the smooth version 
of E^^^{p) given above. The justification of this new 
definition arises from the fact that the expression for the 
min-relative entropy of entanglement of a state p involves 
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the projection onto its support, but the support of an op- 
erator in an £-ball around p may be very different from 
that of the support of p itself. So, in defining E^-^{p), in- 
stead of replacing 11^ by the projection onto the support 
of an operator in the e-ball around p, it is meaningful to 
replace Hp itself by an operator < A < I, which almost 
projects onto the support of p. 

Note also that while this new smoothing is a priori 
inequivalent to the one in [s^l, it is equivalent to the 
"operator-smoothing" introduced in [2j| , which, in addi- 
tion, gives rise to a continuous family of smoothed rela- 
tive Renyi entropies. 

We will consider regularized versions of the min- and 
max-relative entropies of entanglement 

S^^M ■■= liminfli?,t,i„(p«"), 

n — >oo Ji 

E^^M ■■= limsupiii;^,Jp®"), 



(13) 



and the quantities 



fmax(p) := linif^^^(p) 

£^0 



(14) 



In [1^, [201 it was proved that £max(p) is equal to the 
regularized relative entropy of entanglement [l3, [III 



E'Sip) := hm -En[p^-), 

n^oo n 



(15) 



In this paper we prove that also £'min(p) is equal to 

We can now be more precise about the classes of maps 
we consider for the manipulation of entanglement, intro- 
duced in 

Definition 5 A completely positive trace-preserving 
(C'PTP) map A is said to be a non- entangling (or sepa- 
rability preserving) map if A(a) is separable for any sep- 
arable state a. We denote the class of such maps by 
SEPPX']- 

Definition 6 For any given d > we say a map A is a S- 

non- entangling map if RQ{A{a)) < S for every separable 
state a. We denote the class of such maps by S-SEPP. 

In the following sections we will consider entangle- 
ment manipulations under non-entangling and (5-non- 
entangling maps. We first give the definitions of achiev- 
able and optimal rates of entanglement manipulation pro- 
tocols under a general class of maps, in order to make 
the subsequent discussion more transparent. In the def- 
initions we will consider maps from a multipartite state 
to a maximally entangled state and vice-versa. It should 
be understood that the two first parties share the max- 
imally entangled state, while the quantum state of the 
other parties is trivial (one-dimensional). 



Definition 7 A real number R is said to be an e- 
achievable one-shot dilution rate for a state p, under 
a class of quantum operations O, if for some A G G, 
-F(p, A(5'm)) > 1 — £ and log M < R. The corresponding 
one-shot entanglement cost is defined as 



4'e (P) =infi?. 



(16) 



where the infimum is taken over all e-achievable rates. 

We also consider a catalytic version of entanglement 
dilution under (5-non-entangling maps. 

Definition 8 A real number R is said to be an e- 
achievable one-shot catalytic dilution rate for a state 
p, under a class of quantum operations Q, if there ex- 
ists a positive integer K and a map A e such that 
A(*M ® *A') = p ® ^K, with F{p,p') > I - e and 
logM < R. The corresponding single shot entanglement 
cost is given by 



Effe'ip) = MR, 



(17) 



where the infimum is taken over all e-achievable rates. 

Finally, the next definition formalizes the notion 
of single-shot entanglement distillation under general 
classes of maps. 

Definition 9 A real number R is said to be an s- 
achievable one-shot distillation rate for a state p, under 
a class of quantum operations Q, if for some A S 0, 
-F(5'm,A(p)) > 1 — £ andlogM > R. The corresponding 
one-shot distillable entanglement is given by 



ED'!eip) = supR, 



(18) 



where the supremum is taken over all achievable rates. 

In the following we shall consider 8 to be either the 
class of SEPP maps or the class of (5-SEPP maps for a 
given (5 > 0. 



III. MAIN RESULTS 

The main results of our paper our given by the follow- 
ing four theorems. They provide operational interpre- 
tations of the smooth max- and min-relative entropies 
of entanglement, and the logarithmic version of the ro- 
bustness of entanglement, in terms of optimal rates of 
one-shot entanglement manipulation protocols. 

The first theorem relates the smoothed min-relative 
entropy of entanglement to the single-shot distillable en- 
tanglement under non-entangling maps. 

Theorem 1 For any state p and any e > 0, 

L^^min(p)J < E^^%pp{p) < El^{p). (19) 
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The following theorem relates the smoothed logarith- 
mic robustness of entanglement to the one-shot entangle- 
ment cost under non-entangling maps. 



Theorem 2 For any state p and any e > 0, 

LR-{p)<E'}^l^^^{p)<\LR-{p)^. 



(20) 



We also prove an analogous theorem to the previ- 
ous one, but now relating the logarithmic global ro- 
bustness (alias max-relative entropy of entanglement) to 
the single-shot catalytic entanglement cost under (5-non- 
entangling maps. 

Theorem 3 For any state p and any 5 > Q, there exists 
a positive integer K such that 



- logi^-log(l-f,5) <£;, 



c.s-SEPpyl-') 



(21) 



Finally we show that we can partially recover the re- 
versibility of entanglement manimilations under asymp- 
totically non-entangling maps [3, [13] from the results 
derived in this paper and the quantum hypothesis test- 
ing result of [l^. 



Theorem 4 For every state p G I?(7i), 

£min{p) = Smax{p) = {p) ■ 



(22) 



From Theorems [T] and |3] we then find that the distill- 
able entanglement and the catalytic entanglement cost 
under as ymp totically non-entangling maps are the same. 
In Refs. hj, Vm one could show the same result without 
the need of catalysis. Here we need the extra resource 
of catalytic maximally entangled states because we want 
to ensure that already on a single-copy level, our opera- 
tions only generate a negligible amont of entanglement; 
in Refs. [14 [27j. in turn, this is only the case for a large 
number of copies of the state. 

We note that it was already proven in Refs.[l9l.[30l| that 
fmax(/3) = E'^{p). Our Contribution is to show that also 
the regularization of the smooth min-relative entropy of 
entanglement is equal to the regularized relative entropy 
of entanglement. 



IV. PROOF OF THEOREM [T] 

The proof of Theorem [1] will employ the following 
lemma. 

Lemma 1 For any A e SEPP, 

El,^{p) > £;f„i„(A(p)) (23) 

Proof. Let < A < / be such that Tr(AA(p)) > 1 - e 
and £'^i„(A(p)) = mm„^s{-'^ogTi{Aa)). Setting CTp as 



the optimal state in the definition of E^^^^{p), 

ELM > -logTr(At(A)a,) 
= -logTr(AA(ap)) 
> min (- log Tr( Act)) 

= E^Mp)). (24) 

where A^ is the adjoint map of A. In the first line we 
used that < At (A) < / and Tr(At(A)p) = Tt{AA{p)) > 
1 — e, while in the third line we use the fact that A(CTp) 
is separable, since A S SEPP. ■ 

Proof. [Theorem [1] We first prove that -E^j sepp — 
L-^min(/^)J- this it suffices to prove that any R < 
L-^min(p)J achievable one-shot distillation rate for 

the state p, under an SEPP map A. 

Consider the class of completely positive trace- 
preserving maps A = Aa (for any operator < A < I) 
whose action on a state p is given as follows: 



A(p) := Tr(Ap)*M + Tr((/ - A)p] 



(/-^Af) 

A'P-1 ' 



(25) 



for any state p £ I?(7i). An isotropic state w is sepa- 
rable if and only if Tr(cj*A/) < 1/M Hence, the 
map A is SEPP if and only if for any separable state a, 
Tr(A(cr)1'Af) < or equivalently. 



Tr(Aa) < ^. 



(26) 



We now choose A as the optimal POVM element in 
the definition of E^-^ip) and set M = 2L^min(^)J . 

On one hand, as Tr(^p) > 1 — e, we find that 
i^(A(p), vPm) > 1 - £■ On the other hand, by the def- 
inition of £^^jjj(p), we have that 



^ maxTr(Acr) 



(27) 



and hence Tr(AtT) < 1/M for every separable state a, 
which ensures that the map A defined by (|25p is a SEPP 
map. Hence, logM = L^min(p)J achievable rate 

and<^SEPP> L£^5nn(p)J- 

We next prove the converse, namely that 
(p) < -^min(p)- Suppose A is the optimal 



D,SEPP 



E 

SEPP map such that F(A(p),^'m) > 1 



with 



logM = £;«(p). 

By Lemma [T] we have 

ELiM > £^mi„(A(p)) 



= max min (— logTr(^o')) 

0<A<I aeS 

Tr(ylA(p))>l-E 

> min(-logTr(^'Mcr)) 



> logM 

= E'-^lip), 



(28) 



where we used that <^m < I and Tr(A(p)^'M) > l-£ 
and that Tr('I'MO') < 1/M for every separable state cr. ■ 
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V. PROOF OF THEOREM [2] 



Proof. To prove the upper bound in (j20[) . consider the 
quantum operation A acting on a state uj as foUows: 

A(c^) = Tr(*Mw)p, + [1 - Tr(*MC^)] tt, (29) 

where tt is the optimal state for the robustness R{pe) of 
Pe, which is such that LR^[p) = LR{p^). 

For a separable state w, we can rewrite eq. (p9)) as 



AH = <?[ 



P, + {M-1)tt . 
M J 



(30) 



where g — MTt{'^ m^)- For a separable state w, 
Tr(^'Mw) < 1/M, and hence < g < 1. By the con- 
vexity of the robustness we have that, for any separable 
state UJ, 

R{K{uj))<qR{a) + {l-q)R{^), 

where a (p^ + {M - l)7r) /M. Note that R{'k) = 
since tt is separable. Furthermore, for the choice M — 
1 + R{p^), a is separable and hence R{(j) = = R{A{u}j), 
ensuring that the map A is non-entangling. 

Note that A(^'m) = Pe, with the corresponding rate of 
logM = log(l + R[pe)) = LR^[p). This then yields the 
upper bound in Theorem [21 

To prove the lower bound in ([20]) , let A denote a SEPP 
map yielding entanglement dilution with a fidelity of at 
least 1 — e, for a state p, i.e. AMi'^Ai) = Pe, with 
FipiPe) > 1 — e, and logM = -E^sepp- The mono- 
tonicity of log robustness under SEPP maps yields 



LR'{p)<LR{p,) = Li?(A(*M)) 
< LR{^m) 
= logM = E, 



C,SEPP- 



(31) 



VI. PROOF OF THEOREM [3] 

The following lemma will be employed in the proof of 
Theorem [3] 

Lemma 2 For any S > and A e (5-SEPP, 

£;^,,(p) > E'^,^{A{p)) - log(l + S) (32) 

Proof. 

Let Pe be the optimal state in the definition of E^^^{p), 
i.e., E^^y.{p) = E^i,x{Pe)- By the monotonicity of the 
fidehty under CPTP maps we have that F(A(p) A(pe)) > 
F{Pi Pe) > 1 ~ £• Hence, using Lemma IV. 1 of [l3 



El^,{A{p)) < S^ax 
< E, 



(Hps)) 

{pe)+\og{l + S) 



^max(p)+l0g(l + '5). 



(33) 



Proof. [Theorem |3] Let us start with the achievability 
part, namely that for every 5 > we can find a positive 



-SEPP 



integer K such that E^j g_ 
logK. 

Let Pe be the optimal state in the definition of E^^^{p). 
Consider the family of completely positive trace preserv- 
ing maps as follows: 



A{uj) ^ [Tr((\E'M ^-if )^^)] (pe «) 
+ [Tr((/-*M®*K)t^)]7r, 



(34) 



where K = \l + S-^], M = /s:-i2r^»-(''®*^)T , and tt is 
a state such that ((p^ + {MK — l)7r) is an (un- 
normalized) separable state. Such a state tt can always 
be found because MK > 1 + Roipe 'S) ^ k) ■ 

We now show that with this choice of parameters the 
map A, defined by (IM]) . is <5-SEPP. First note that since 
for any separable state a e B{H (g) Ti) 



Tr((^'M <E) ^-if )cr) < 



1 



we can write 



A(ct) =p(pe(»*K)-f (l-p)7r, (35) 

where p < jjj^ . This in turn can be written as 

f ife ® "fK) + {MK -l))7r ^ , 
J+(l-g)7r, (36) 

where q = pMK. Since < p < 1 /MK, we have that < 
q < I. Note that the first term in parenthesis in ([M)) is 
separable, due to the choice of tt. Using the convexity of 
the global robustness we then conclude that RG{A{a)) < 
Rg{tt), for any separable state a. 

Further, from the choice of M and K it follows that 



Rg{,tt) < 



1 



Raipe ® *x) 



< 



1 



K~ 1 



<S, 



and hence A is ^-SEPP. 

Note that for to = <8) '^k, 



A{u) = Ai'^M * 



K) 



Pe 



K- 



(37) 



Hence the protocol yields a state pe with F{p, p^) > 1 — £ 
and the additional maximally entangled state k which 
was employed in the start of the protocol. Its role 
in the protocol is to ensure that the quantum opera- 
tion A is a (5-SEPP map for any given 6 > 0. Since 
the maximally entangled states ^'a^ and "^/k were em- 
ployed in the protocol and '^k was retrieved unchanged, 
the rate R = (logM + logM') - logM' = logM = 
l^ma.xiP'^ *k)1 - log if, is achievable. 



Next we prove the bound E, 



(i).o 

C,(5-SEPP 



> 



-Smax(p) 



log if - log(l -I- S). Let A be a J-SEPP map for which 

A(*Af «) *k) = Pe ® 
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with E^^jfg^PP = log M. 
Then by Lemma [2J 

= i;max(A(*M ® 

< i^max(4'Af «) *X) + l0g(l + 6) 

= logAf + logX + log(l + (5). (38) 

Hence 

logM > E'^^^ip (g> ^>k) - log A' - log(l + S). (39) 



VII. EQUIVALENCE WITH THE 
REGULARIZED RELATIVE ENTROPY OF 
ENTANGLEMENT 

In this section we prove Theorem 21 The proof hinges 
on Lemma [3] below, which is given in terms of the quan- 
tum spectral inf-divergence rate [3l|, [s^ , which we now 
define. Let {A > B} denote the projector onto the pos- 
itive part of A - B and {A < B} := 1 - {A > B}. 

Definition 10 Given a sequence of states p — {pnjJ^Li 
and a sequence of positive operators a = {crn}'^^i, the 
quantum spectral inf-divergence rate is defined in terms 
of the difference operators Bn(^) = pn — 2'^'^an as follows: 

D{p\W) ■■= sup (7 : liminfTr[{B„(7) > 0}B„(7)] - l|. 

(40) 



Lemma 3 



D{p\\a) = limliminf-D^i„(p„||(T„) (41) 

£— i-0 n— s-oo Jl 



where 



Dl,MW)--^ max (-logTr(Aa)). (42) 

Tr(Ap)>l-e 

is the smooth min-relative entropy of p and a. 

Proof. From the definition of D.ip\\o') it follows that 
for any 7 < D.{p\\^) and any e > 0, for n large enough 



Tr[P„>„] >l~e, 



(43) 



where := {p„ > 2"^a„}. 

For any given a > 0, choose 7 = D_{p\\^) ~ We first 
prove the bound 

lim liminf -D^^MWu) > D{M^)- (44) 
For n large enough, 

DIMK) > -logTr(P>„)>n7. (45) 



Hence, for n large enough 
1 



D'^MK)>l = Dip\\d)-a, 



(46) 



and since a is arbitrary, we obtain the desired bound 
ill). 

To complete the proof of Lemma |3l we assume that 

hm lim inf - A"„i„(Pn I K) > D{p\ 1^), (47) 

e-^O n^oo n 

and prove that this leads to a contradiction. 

Let e > be fixed but arbitrary and let {An}^^i 
be the sequence of operators, < y4„ < ]1„ achieving 
-Dmin(Pnlkn) n, i.e.. 



^min(Pnlkn) = - log Tr( Aj^n) , 

and Tr[i„p„] > 1-e 



(48) 



for all n. Define, 



/?£ := liminf -i:)^jijj(p„||(T„) 



lim inf 

n — -'Oo 



--logTr(A„(T„ 
n 



(49) 



and 7 lime^o/^s- Obviously, [3^ > 7. For any fixed 
e > there exists no G N such that for all rt > tiq 



-Ani„(Pn||CTn) > Pe- 

n 

The above inequality can be rewritten as 
Tr(A„a„) < 2'"^^ 



(50) 



(51) 



Note that the assumption (|Tfl) is equivalent to the as- 
sumption 7 > D.{p\\^)- Let 70 be such that 



f3e>10>mp\\^)- 



(52) 



It is clear that for any pair of self-adjoint operators A 
and B and any positive operator < P < 1 [3ll |. 

Tr[P(A - B)] < Tt[{A > B}{A - B)] (53) 

Then from eq. (|5ip we obtain 

Tr(A„p„) = Tr[A„(p„-2"^V„)] -f 2"T''Tr[A„a„] 

< Tr[{p„>2"TV„}(p„-2"TV„)] 

< Tr[{p„>2"TV„}(p„-2"TV„)] 

_|_2-n(/3E-7o) 

(54) 

The second term on the right hand side of ([5^ tends 
to zero asymptotically in n, since > 7o- However, 



the first term does not tend to 1, since 70 > D_{p\\B) by 
assumption. Hence we obtain the bound 



Tr(^„p„) < 1 - Co, 



(55) 



for some constant cq > 0, independent of e. This clearly 
contradicts (I48|) . which holds for all n and any arbitrary 
e > 0. ■ 

We also make use the following result, which appears 
as Proposition II. 1 in p^. [l9j: 

Lemma 4 0, HI/ For every p G ViH), 

hm min )Tr(p®" - 2«V)+ = T ^ ^^[^J 

(56) 

Proof. (Theorem 4). That fmax(/o) = E^{p) was estab- 
lished in Ref. [s^]- We hence show in this proof that 
^^min(p) = E^{p). By Lemma m we have that for every p 
and every sequence of separable states {cr„}, 



> E^{p). 



(57) 



From Lemma |3] we then find that E'^{p) < £aiin{p)- As 
finin(p) < fmax(p), wc finally find that 

E^{p) < f„,i„(p) < = E^{P). (58) 

and so the quantities above are the same. ■ 
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